THREE-WAY ANOVA MODELS (CHAPTER 7)

Consider a completely randomized design for an experiment with three treatment factors
A, B and C. We will assume that every combination of levels of A, B and C is observed
(so the factors are crossed).

Notation: A hasalevels,coded 1, 2, ..., a
B has b levels, coded 1,2, ..., b
Chasclevels,coded 1,2, ..., c
v = total number of treatments ( = abc)

Example: Pollution noise data
(http://lib.stat.cmu.edu/DASL/Datafiles/airpullutionfiltersdat.html)

These data were presented byTexaco, Inc. in 1973 to assert their claim that the Octel
pollution filter was at least equal in noise reduction as standard silencers.

Variables: =~ NOISE = Noise level reading (decibels)
SIZE = Vehicle size: 1 small, 2 medium, 3 large
TYPE: 1 standard silencer, 2 Octel filter
SIDE : 1 right side of car, 2 left side of car
All combinations of size, type, and side were observed (giving 12 treatments in all).

Models: Let Y denote the random variable giving the response for observation t of the
treatment at level 1 of A, level j of B, and level k of C. (rjjx = number of observations at
level 1 of A, level j of B, and level k of C.)

1. The cell-means model.
Yijke = W+ Tijk T Eijke
The &;j; are independent random variables.
Each Eijkt ~ N(O, 0'2)

2. The main effects model (also known as the three-way additive model):
Yije = W+ o + B + Ykt Eijie
The &;j; are independent random variables.
Each Eijkt ~ N(O, 0'2)

3. The three-way analysis of variance model (also known as the three-way complete
model):

Yije = W+ 0 + B+ vicr (aB)ij + (o) + (BY)ik + (@BY)iic T Eijwa

The €;j are independent random variables.

Each Eijkt ~ N(O, 0'2)



(The term (afy)i 1s called a three-way interaction term).

4. Various other models lying between the cell-means model and the complete model.
(As with two-way models, it is good practice to work only with Aierarchical models —
that is, if an interaction term is included in the model, all “subterms” should be included —
e.g., if the three-way interaction term is included, then the complete model should be
included.)

What does three-way interaction mean?

Intuitively, we want it to mean that the interaction between two factors depends on the
level of the third factor. However, our model is a linear model, so we can capture only
certain types of “dependence on level.” The following examples of models without a
three-way interaction term illustrate the possibilities for having no three-way interaction
term:

L. Yije = B+ (BY)ix + €ijke, for 1, j, k= 1,2, where 3, = 1, (By)22 = 1, and all other
parameters are 0. Then the A, B interaction plots for the two levels of C are:

1 2 1 2
Level 1 of C Level 2 of C

2. Yie = Bj+ (oy)ik + €ijke, for 1, j, k = 1,2, where B2 = 1, (ay)22 = 1, and all other

parameters are 0. Then the A, B interaction plots for the two levels of C are:

1 2 1 2
Level 1 of C Level 2 of C

3. Yijkt = [3j + (Oﬂ{)ik + (By)jk * Eijkt for 1, j, k= 1,2, where [32 =1, (OU{)QQ =1, (ﬁy)zz = land

all other parameters are 0. Then the A, B interaction plots for the two levels of C are:

1 2 1 2
Level 1 of C Level 2 of C



4. Yije = (aP)ij + (By)ik + €ijke, for 1, j, k = 1,2, where, (af)22 =1, (By)22 = 1, and all other
parameters are 0.

1 2 1 2
Level 1 of C Level 2 of C

Note that in each of the first three cases, when we moved from level 1 of C to level 2 of
C, we retained the property of having parallel lines (that is, of having no two-way
interaction), although the distance between the lines and the slopes of the lines could
change. What is the same and what is different about the fourth model?

We will now modify the first model by adding various three-way interaction terms:

1" Yijkt = Bj + ([3\{)]1( + (aBY)ijk * Eijjkt for 1, j, k =1,2, where [32 =1, (BY)ZZ =1, ((1[3\{)222 =1,
and all other parameters are 0. Then the A, B interaction plots for the two levels of C are:

1 2 1 2
Level 1 of C Level 2 of C

1", Yijke = B+ (BY)jk + (aPy)ijk + ik, fOr i, j, k = 1,2, where B2 = 1, (By)2 = 1,

(0fy)222 = - 2, and all other parameters are 0. Then the A, B interaction plots for the two
levels of C are:

1 2 1 2
Level 1 of C Level 2 of C

1" Yijee = B+ (BY)ik + (aBy)ijic + &ijio, for i, j, k = 1,2, where B2 = 1, (By)22 = 1, (apy)ara =
2, (aPy)222 = - 2, and all other parameters are 0. Then the A, B interaction plots for the
two levels of C are:



1 2 1 2
Level 1 of C Level 2 of C

This suggests that “no three-way interaction” (as measured by the absence of all three-
way interaction terms) means that the difference in slopes is independent of the level of C.

Looking at this more generally (algebraically): The difference in the slopes in the two
interaction plots above are

(T211- T111) - (T221- Ti21) and (T212- Ti12) - (T222- Ti22).
If there are no three-way interaction terms, then the first difference in slopes is

{[oz + B1+ (af)ar + (ay)ar + (By)u] - [o + Bi+ (@B + (o) + (By)ul}
— {[oz + B2t (aB)2z + (ay)ar + (By)21] - [ou + B2+ (af)iz + (o)1 + (By)21]
= [(aB)z1 - (af)u] — [(@B)22 - (aP)i2],

and the second difference in slopes is exactly the same, since it differs only in the
gamma subscripts, but all terms with gamma subscripts cancel.

Thus: “No three-way interaction terms” tells us that the difference in slopes in A,B
interaction plots is independent of the level of C. In other words, “no three-way
interaction terms” tells us that the difference of the difference of slopes in A,B interaction
plots is zero.

In the complete three-way model, the first difference of slopes we calculated above would
have the additional terms

[(aBY)211- (@BY)11] - [(afy)221- (fy)iz1]-

The second difference of slopes would have the additional terms

[(@BY)212- (af)12] - [(fy)2z2- (aPy)122]-

So if we want to test for no three-way interaction (for just these levels), our null
hypothesis will be

Ho**: [(aBy)aii- (@By)in1] - [(0By)21- (0fy)ii]
- [(@By)212- (@PY)112] - [(@BY)222- (fiy)122] = O.

For more levels of A, B, and C, the null hypothesis would be

Ho S [(aBy)ist i (@BYik] - [(0BY)is1.qi= (BY)igi]
- [(@By)icrie (@By)ij] - [(aBy)ic g (@By)igr] = 0

We will return to this later.



Example: Pollution Noise Data

We can make empirical three-way interaction plots in Minitab as follows:

1. Unstack two factors and response by the third factor.

2. Use the unstacked data to form one interaction plot for each level of the third factor.

The interaction plots of type and size for side = 1 and 2, respectively are:

Interaction Plot - Means for nssd1
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Does this suggest three-way interaction?
Interaction plots of type and side for size = 1, 2, 3, respectively:

Interaction Plot - Means for nssz1
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Interaction Plot - Means for nssz2
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Interaction Plot - Means for nssz3
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