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Problem 1 (Growth of the expected maximum). Let {X,, },en be a sequence of random variables bounded in IL?, for

some p > 1. Show that there exists a constant C' > 0 such that
I[*Z[lrnax<|X1|7 e \Xﬂ)} < Cnl'/? for all n € N.

(Hint: For each nondecreasing function f and all a1, ...,a, € R we have f(max(a1,...,a,)) <> p_; flax))

Problem 2 (Geometric random sums). Let {X}j}ren be an iid sequence of random variables, {py }nen & sequence in

(0,1) with lim,, p, = 0, and {G, }nen a sequence of random variables, independent of { X} }ren, such that
P[G, = N] = (1 — p,)¥ 'p, for N € N.

(1) Derive an expression for the characteristic function of the random sum

G

Sn :anXk,n S N,
k=1

in terms of the characteristic function ¢ of Xj.
(2) Assuming that X; € L' and # = E[X;] > 0, show that S,, converges in distribution as n — oo, and identify
the limit.

Problem 3 (Conditioning Bernoullies). Let X, Y be two Bernoulli random variables with parameter p € (0, 1), i.e.
PX=1=PY =1 =1-PX =0 =1—-P[Y =0] =p. Assuming that X and Y are independent of each other,

compute the joint distribution of the random vector

(E[X | Z.E[Y | Z], Z) where Z = 1{x4y—o}-




