PRELIMINARY EXAMINATION IN ANALYSIS
Part I, Real Analysis
August 15, 2016

. Prove that, on a finite measure space, if fr — f in measure and gy — ¢ in measure,

then frgr — fg in measure.

. Let f be a locally integrable function on R?. Assume that, for any given real numbers
a and b outside some set of measure zero, f(z,a) = f(z,b) for almost every z € R and
fla,y) = f(b,y) for almost every y € R. Show that f is constant almost everywhere
on R2,

. Let f, f1,f2,... € LP with 1 < p < co. If fi — f pointwise a.e. and ||fxllp = || fllp,
show that ||f — fx|lp, — O.

. For a function f € L'(R?) let M f be the unrestricted maximal function
M f(z0, %0) = sgp/Qlf(w,y)I dzdy,

where the supremum is over all Q) = [z — k, 2o + k] X [yo — I, yo + {] with &k, > 0.
(a) Show that M f(zo,yo0) < My Msf(xo,y0), where

1 zo+k ‘ Yo+l
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(b) Show that there exists C' > 0 such that if f € L?(R?) then

1M 7]l 2 gy < Cllfllaee -



