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Problem 2.1. Let (Mt)0≤t≤T be a submartingale and let λ > 0. Show that

λP( max
0≤t≤T

Mt ≥ λ) ≤ E[MT 1{max0≤t≤T Mt≥λ}].

(1) consider a one-dimensional Brownian motion B starting at B0 = 0. Let u, v : [0,∞) → R
such that u is C1, striclty increasing and u(0) = 0. Assume also that v(t) 6= 0 for each t
and v has bounded variation. Show that the process

Xt = v(t)Bu(t)

is a semi-martingale (in its own filtration), and the martingale part is
∫ t
0 v(s)dBu(s).

(2) show that the martingale part is a Brownian motion if and only if v2(s)u′(s) = 1 for each s
(3) Find u, v such that X defined above is an Ornstein-Uhlenbeck process wiht parameter β,

i.e
dXt = βXt + dγt

for some Brownian motion γ.

Problem 2.2. (the range of Brownian Motion) Let B be a one-dimensional BM starting at zero.
Define

St = max
s≤t

B, It = inf
s≤t

Bs, θc = inf{t : St − It = c},

for some c > 0.

(1) Show that, for each λ, the process

Mt = cosh(λ(St −Bt))exp(−
λ2t

2
)

is a martingale
(2) prove that

E[exp(−λ
2θc
2

)] =
2

1 + cosh(λc)
.
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