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Problem 1. Let (Ω, ℱ︀, ℙ) be a probability space on which a random variable 𝑈  with the uniform distri

bution on [0, 1] is defined. Show that the a.s. convergence is not metrizable, i.e., there exists no metric on 

the space 𝕃0 of a.s.-equivalence classes of random variables such that

𝑑(𝑋𝑛, 𝑋) → 0 is equivalent to 𝑋𝑛 ⟶
a.s.

𝑋.

for every sequence {𝑋𝑛}𝑛∈ℕ and every 𝑋 in 𝕃0. Is the same necessarily true if the existence of 𝑈  is not 

required?

(Hint: Show, and use the fact that in a metric space the following are equivalent for a sequence {𝑥𝑛}𝑛∈ℕ 

1) 𝑥𝑛 → 𝑥, and 2) every subsequence of {𝑥𝑛}𝑛∈ℕ admits a further subsequence which converges to 𝑥. )

Problem 2. Let 𝑋1, 𝑋2, … be iid standard Cauchy random variables, i.e., with density 𝑓(𝑥) = 1
𝜋(1+𝑥2)  

and characteristic function 𝜑(𝑡) = 𝑒−|𝑡|, and let 𝑋𝑛 = 𝑋1+…+𝑋𝑛
𝑛 .

1. Show that 𝑋𝑛 has the standard Cauchy distribution, for every 𝑛 ∈ ℕ.

2. Show that 𝑋𝑛 does not converge in probability to any constant as 𝑛 → ∞.

3. Show that 𝑋𝑛 does not converge a.s. to any random variable as 𝑛 → ∞.

Problem 3. Let Θ be uniformly distributed on [0, 1] and, conditionally on Θ = 𝜃, let 𝑋1, 𝑋2, … be iid 

Bernoulli random variables with parameter 𝜃; that is,

ℙ[𝑋1 = 𝑥1, …, 𝑋𝑛 = 𝑥𝑛 | 𝜎(Θ)] = Θ𝑠(1 − Θ)𝑛−𝑠, 𝑠 = 𝑥1 + … + 𝑥𝑛,

for every 𝑛 ∈ ℕ and all 𝑥1, …, 𝑥𝑛 ∈ {0, 1}.

1. Find the conditional distribution and the conditional expectation of Θ given 𝜎(𝑋1, …, 𝑋𝑛).
2. Compute ℙ[𝑋𝑛+1 = 1 | 𝜎(𝑋1, …, 𝑋𝑛)] and show that the sequence 𝑋1, 𝑋2, … is exchangeable but 

not independent.

(Note: Exchangeable means that (𝑋1, …., 𝑋𝑛) =
(d)

(𝑋𝜋1
, …, 𝑋𝜋𝑛

) for all 𝑛 and all permutations 𝜋 of 

{1, …, 𝑛}. The identity ∫1

0
𝜃𝑎(1 − 𝜃)𝑏 d𝜃 = 𝑎! 𝑏!

(𝑎+𝑏+1)! , valid for 𝑎, 𝑏 ∈ ℕ0, may be used without proof.)
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